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2D LINES

inhow-ogmcous line eqpation: aX+ by’ +rc=0
howogeneous  line eqyation: ag+oL+c:0 > ax+by+ew=0

/\Y or: x'L =0 (wth L a homogeneous entity )
>\ where
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3D PLANES
|>|ome eqyation : ak+bY+cZ +dT=0
> T'X=0 where
IT (“lb,(—/ J)T = C!LT,d)T
Plave at infinity: T = (0,0,0,1)7
2D POINTS AND LINES

{LT‘L:O i x is on the line L

L7x =0
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INTELSECTION °F lies

Given fwo lings, [ L7 -0 fl [z
find the ¢ st | 47 L=y

=L xp
= ul.”xéz
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3D POINTS AND PLANES

{Z{:’Z‘g i X is on the 3D plme T

Points o _a plave

Xix-0 X
XSE=0 = |X|X=0
XiE=0 X3

x4 4x| 3x|

so left will space of plane
is 3 points that lie on plane

Planes intersecting at o point

EiE=0  pianes fhat
II& =0 intersect at a point
o7k =0

T
E;Jx 0

&

20 CONIC SECTIONS

gereral equation : aX 2+ LXy + cy’J—d)E'ke;f—aﬁ =D  (inhomog. coords)
0l)€'+(cxy + cy" +dxw +£}/W+ 7Cw7’=o (homog. coords)

for a point (x,y,v./)T on the conic,
a b2 SL][x
[x yW]["’/z c Y {y}=0
oo F|l2
X"Lx= 0

C is 5 DOF
hOmogweOVS e,n{'ﬂy (def.m,d W +o SCale)



CONICS AND DUAL CONICS

XTCx =0 gives points on C O

—mk,: oint
- olar_line : hne which velntes o pole accorda'nj
to the conic
-if the point is on Hie conic, the polar
will be a lin «lungwf— fo that- point
-if the point is inside the comic, e polar
will be o line otside of e comic
-if the point is outside the conic, draw fwo
lines omd comneck the -iungen+ pirks +o
Find the polar

L=(x : plar line of x wrt C

vax’dc,s fast- way ) get Jangent line of conic :
Just pidk point’ on conit and you'll gt a Jvmgwi- line £ from this

polar |ine
¢ of point w.r-t
coniC

“q

DUAL (ONILS
just as points ond byperplanes are geometic duols,
conits and duml conics ore dvals

dval covics ave, “line comics”

é'é*é =0 where Q“ descibes a  dual conic
- lines ore fogent o C
-the conic & defined by an infinite # of lines
tangent to it , ubidh ‘carve i o' in space

x=C*L ¢ pole of L wrt C
note that Q* is o matrx of cofactors of C;
(=L Gptosae) , C= (LT (p to scal)

The center of +he conic is the pole of the line at inﬁnf{y Zm = CO: 0, /)T:
Xeenter = L*lw

meaning there is an easy way to find the center of an clliyse [ conic :
Just invert: L ond mUHip}y by Lo !

COFALTOR AND ADJOINT MATRICES

M¥ = det MDOM™ is a mabix of cofatrs of M
= odj (M)T
K adjugate (or classical adjoint) of a worbrix
(M7= (M)7=(M7))
s0 the 'vp to saales e becavse M* = dek (MM

7~
scale



alko det (MM = adj (M)T
-l - ]_ .
G 29
if M is symmetric (note that cowics ae sywmetric),

M* = det (MM

=det (MM’
:adj(ﬂ)

QUADRICS AND DUAL QUADRICS

qyadric : quadratic Sufuce
Csml.‘ng CONiCs VP in dimgnsion)

XT&X =0
(anmloy\/e, of x'(x = O)
whee X is o point on the quadratic  surface &

el 4x4
K=@X : polor plane of X w.-t quadric &

f X is o O swface,
T is fangent plane to that point

now , instead of lines carving ovt a cowic Sechion,
we have o bunch of (hyper)ploves carving ot o guadric

RTQ*K =0 planes tangent 4o Q

XK pole of T wrt Q

e center of the quadric is the pole of plave @
infinity Koo = (0, g’, 0,1)7

LINES IN 3D
Plicker live coordinates

Pludﬂer mafn‘x homage fo orijinul paper
O l(z 4&3 /e|4
L - _llz (o] 123 ‘141

Ls-hs 0 L ~ ;
'A: ﬁi e 054 (skew -symmetric matrix)

i you have L, there ave gomesponding line coords

L= (}nz , s /lu, Mas, e, }31)

6 wnigye entries
only defived vp to scale
4 DOF  det(L)=0



3D LINES
can take dval of Plicker |ine motrix

X0, XTLFT=07 it pot X is on line

X L
T =0, U"LT = Q7 Ff line L is on plane T

L
L ,
Two planes infersect at- o line
Llr | m]=0

x4 +e 42

K{wo columns  of myl space *
two planes that infesect at line

Two points on line

L*[)_gz | 51] =0

Join of two points Intersection of line and plowse
L - ZI &; - XZ X.T X = L7t fast way o infersect
- - 44 qx e and plane; wakes

Hiis all worth i+ (from
a graphics perspech've/)

M 0] /634 /(47. 1.13 ]
L* . A 0 Lo Ly
= - "11; '1-14 O ﬂn.

‘lzs /lls 'llz 0 N

direchion .é of line
Xao = LT
@-r/ O)T: l___(O, 0,0, I)T

LINE AS PENCIL OF POINTS

Given two distingt points x, @ %, on a line,
N (any dim, b+ hee 2D)

Axi +M X, s e pendl of pints on the line

another way to parameterize a line which is defined by the Join of points

Differtnt ways 10 vepresert this (all ml-‘d)

X(A m) = Moy +uk,
x(N) = Ax +(1-N)5
X(A) = x, + 2D where D =(d7, 0)7 with diecion ¢

sy Z(X): % +Ad whee 4 is o diection vector



LINE - CONIC INTERSELTION

(line will infersect at 0,1, 0r 2 points)
1. Determing 2 points x, aud x, on the lie L.

T | 2 ) c OT IT
‘& [?—( irxm] - ér or [;zr‘]& =0
M'L-0

2. Pug info “pencil of points” representation.
x(A)= 2x+ (1-2)x,

3. Plug info conit equation,
x"(x =0
x(AYLx\) =0

4. Sole for A.

There will be 0,1, or 2 slutions , which
represevt the points of intersection between
the line and He conic .

Note that ow x(A) equthon gives vs o point
for each valve of X we pt in.

Oxi+ U-N)x)C (A% + (0-2)x) =0
(sTCx, - 257 Co + 1 Co ) X+ [2(7C - B € )] A +.7Cx = O

2 solvkons Ay, Az, of whith 0, |, or 2 are real

5. Substitvie the As back info the x(A) equation.
This will give you the intersection points on e conic .
X, = AX "’(")l)ﬁ

2 infersection points
e, = )\ZE| +C' 'AL)_)_(z



