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213 LINES
inhomogeneous lineequation aKtby c 0
homogeneous lineequation a btw c O ax bytow O

T
ay or i L O with 1 a homogeneousentity

where

he III e L I
note man gum on

Lineatinfinity OO 1 T

3D PLANES
planeequation aXtbYtcZtdT O

IT 1 0 where

It la b c d T Catd T
Planeat Infinity I OOO 1 T

2D POINTS AND LINES
XT1 0
It I p if k is ontheline I

eg XIEO
x E O t

T
EE E Q E is rightnullspaceof LEE

III is leftnullspace of 1
joy ofpoints
E ki xEr onlyvalid bc 3 vectors

Ez Crossproductisintlspace orthogonalvector tox and
LETLENT

i for a lag Eaf EasJ jaGx I Ez EzXI 92 a
skewsymmetriccrossproductmatrix










































































































INTERSECTION oflines

Giventwolines t h l
findthe Est EE K Q 2

1 11 12
eg f
LETEIHT

CHEEeat EIT
3DPOINTS AND PLANES

EyIOo iff k isonthe3Dplane I

pointsonaplane

E.IEiioo fxita e

3 4 4 1 3 1
soleftnullspaceofplane
is 3 pointsthatlieonplane

Planesintersectingatapoint

ITE O planesthat
IIE 0 intersect at apoint
If I O

o

217 CONIC SECTIONS
generalequation axn2tbxytcftdxtey.tt O inhomog coords

axrtbxytcytdxwteywtfw2 ochomog.cocords
for a point x y w

T on theconic

ix witp c I o

XTCx 0 pointconics
pointm.us lieonconicforthistobetr

C is 5 DOF
homogeneousentity defineduptoscale
















































































COMICS ANDDUALCOMICS
or

XIE 0 givespointson C
pole point
polarlinee linewhichrelatestopoleaccording

totheconic
if thepointis ontheconic thepolar
willbe a linetangenttothatpoint µ iwif thepoint is insidethecomicthepolar 6
willbea lineoutsideoftheconic

yw µlinesandconnectthetangentpointsto
findthepolar

L Ex polarlineof writ C
providesfastwaytogettangentlineofconici
justpickpointonconicandyou'llgeta tangentline1 fromthis

DUALCONICI
justas pointsandhyperplanes aregeometricduals
conicsanddualcomics are duals
dualcomicsare lineconics

ft I 0 where E describes a dualconic
linesaretangentto E
tthaengeqfio.toisifefiendionbheanrinetnitite.IT sina.ae

x E f poleofEw.r.tv C
notethat is a matrixofcofactors of E

E uptoscale E CI uptoscale

Thecenteroftheconic is thepoleofthelineat infinitytoo OO 1 T

Kcenter E I
meaningthere is aneasywaytofindthecenterof an ellipseIconic
justinvert andmultiply by Eo

COFACTOR AND ADJOINT MATRICES

Me DetMaMT is a matrixofcofactors of Me
adj A T
radjugate or classicaladjoint of amatrix

NdT MI T MI
sothe uptoscales are because Me detCA MITscale



alsoDetMa MaT adjMa t
M I L

detoyadjMe

iTMissymmetric notethatconics are symmetric
Mf detMNd t
detCMIly i
adjMae compute this if Me is singular

QUADRICS AND DUAL QUADRICS
quadric quadratic surface

scalingcomicsup in dimension

XIII 0
analogueof TEE O
where L is a pointon thequadraticsurface Q

41 4x4

II 0 polarplaneof I w r t quadricQ
if k is on A surface
It is tangentplanetothatpoint

now insteadoflinescarvingout a conicsection
wehave a bunch of hyperplanescarvingouta quadric

ITQ I 0 planestangentto Q
I A II pole ofTL iv rt Q
thecenterofthequadricis thepoleofplane
infinity It O O O 1 T

LINES IN 3D
Phickerlinecoordinates

Plickermatrix

t 44
madetooriginalpaper

skew symmetricmatrix

if youhave 1 therearecorresponding linecoords

k Liz Liz114 123142134
6 6 uniqueentries
5 onlydefineduptoscale
4DOE detCk O



3DLINEL
cantakedual of Pluckerlinematrix

1 1 0 ITLIT Of iff point 1 isonline L
LII O TttLt IT iff line k is onplane II
Twoplanesintersectat a line
L l Ih l Ih Q
4x4 42 42

twocolumns ofnullspacey
twoplanesthatintersect at line

Twopointsonline
1 112 I I Q
Joinoftwopoints

Intersectionotlineandpla
e

k I KE IzXI LIL fastwaytointersect4441 lineandplanemakesthisallworthitCfrom
agraphicsperspective

i t I
directiondofliney

LIN
Cdt O T L O O O 1 T

LINEASPENCILOFPOINTI
Giventwodistinctpoints E on a line

K anydimbuthere 2D
XE M 2 isthepencilfpointontheline

anotherwaytoparameterizealinewhichisdefinedbythejoinofpoints

Differentwaystorepresentthiscallvalid

I Xiu Xxl ME
X Xx l t 12
E X I tXDwhere D Cdt O Twithdirection d

inhomog I X I tXd wherehe is a direction vectorcoords i



LINECONICINTERSECTIONI
linewill intersect at 0 I or 2 points
1 Determine 2 points and ontheline L

L Ex I I et
t II et e I e e

MIL I
2 Plug into pencil of points representation

X Ix t l X 2
3 Plugintoconicequation
EEE O
GTEEa O

4 Solvefor X
Therewillbe 0 I or 2 solutions which
representthepoints of intersection between
thelineandtheconic
Notethatour xD equationgivesus a point
foreachvalueof X weputin

tx t Ll DEDTE de t l d Iz O
XIEx 2ETEEzt IEEez Mt12 ExeEEEEz X III O

2 solutions Xi Az ofwhich 0 I or 2 arereal

5 SubstitutetheXsbackintothe X equation
Thiswillgiveyouthe intersectionpoints on thecomic
Kc X X t l X Xz
Kca XzI l y Iz 2intersectionpoints


